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Abstract

Cells are the fundamental building blocks of life. Many important cell processes rely on robust
self-organized spatial patterning by proteins. Studying the dynamics of the Min-system[1][2]

in E.coli is a very valuable example of such spatio-temporal patterns. Oscillations of MinD
and MinE proteins result in a time-averaged concentration minimum in the middle of the cell
which localizes the site for cell division.

This report investigates how the skeleton model[1] of the Min-system responds to changes
in protein density ratios within the in vivo parameter regime.

The simulations show that short wavelength modes, as predicted by linear stability analysis,
can occur due to changes in protein density ratios. However theses modes are very unstable
and quickly decay back into coherent standing wave patterns.

This shows that the skeleton model is remarkably robust in adapting to changes in protein
ratios and still retains the ability to locate the middle of the system.

In the attempt to interpret this behaviour, linear stability analysis (LSA) revealed that the
fastest growing mode qc determined by the integer mode number nc and the largest unstable
mode qmax determined by nmax are always commensurable i.e. qmax = m · qc with m ∈N∗. In
search for a theoretical framework to explain the transitions between turbulence and coherent
patterns far away from the global equilibrium the commensurability between unstable modes
seem to play an important role[3].

Even though the predictions of LSA are consistent at the onset of pattern formation, LSA
is not capable of sufficiently describing the long term behaviour of the system. The non-
linear interactions of the unstable modes appear to dominate the long-time behaviour of the
system.
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1. Introduction and Motivation

1.1. The Min-System

A cell is the smallest unit of living organisms. Prokaryotic cells like bacteria depend on
intracellular processes and in turn, these intracellular processes rely on robust self-organized
spatial patterning by proteins[4].

The Min-system in E.coli is a common model for studying such dynamics. E.coli is a
rod-shaped bacterium. Oscillations of MinD and MinE proteins result in a time-averaged
concentration minimum in the center of the cell which localizes the site for cell division
exactly in its middle. The spatio-temporal dynamics of these proteins can be seen in in vivo
experiments[5] (see Fig.1.1).

The aim of modelling the Min-system is to identify what biochemical core mechanisms of
E.coli cells result in self-organized intracellular pattern formation.

A good model has to capture the complexity of the system while keeping it simple enough
to maintain tractability.

1.2. Modelling the Min-System

This work follows the skeleton model of the Min-system proposed by Halatek and Frey[1]

which is based on two protein species MinD and MinE. This skeleton model is a five
component, mass conserving reaction diffusion system (see Fig.2.2).

Experiments were performed in vitro, where the two protein species MinD and MinE along
with ATP were put into an aqueous solution with a supported lipid bilayer at the bottom.
Strikingly, the proteins also form complex spatio-temporal patterns[6][7] on the membrane
similar to what has been observed on a theoretical level. These in vitro experiments provide a
good foundation to compare with theory.

The skeleton model can produce patterns observed in in vivo and in in vitro experiments
by identifying underlying mechanisms that governing both regimes. Both MinD and MinE
can attach and detach from the membrane. MinD can undergo nucleotide exchange to change
between an MinD-ADP and a MinD-ATP state as well as recruiting other MinD to the
membrane (see Chapter 2.1.2 for more detail). Establishing these common mechanisms for
both the in vivo and in in vitro regime makes it a very promising model.

Protein patterning mechanisms can handle differences in protein numbers without disrupt-
ing core function. The robustness of the Min-system for a wide range of MinE/MinD denisity
ratios has been observed in in vitro experiments[6]. However, the skeleton model is not able to
capture this robustness feature because it only predicts patterns when there is fewer MinE
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1. Introduction and Motivation

Figure 1.1: Schematic
representation of how
the site for division in
localized.
a) E.coli cell grows before
dividing into two daugh-
ter cells.
b) MinD polar zone
(bright green) grows
on the left side of the
major axis of the cell,
thereby increasing MinD
concentration in the left
polar region. A smaller
polar zone of MinD starts
to grow on the right pole
of the cell.
c) As the left polar zone
is depleted, the right po-
lar region starts to grow
due to an oscillation of
particles from one pole to
the other in the system,
thereby increasing MinD
concentration on the
right pole of the cell. The
time-average of MinD
concentrations along the
major axis localize the
mid-plan.
d) At the concentration
minimum a contraction
ring is formed.
e) The contraction ring
in the middle of the cells
divides one cell into two
equally sized daughter
cells

2



1. Introduction and Motivation

than MinD. Based on biochemical findings[8], an extension of the skeleton network was
proposed by Denk[2]. The new model introduces a conformational switch in MinE which
allows the model to predict patterns even if MinE is more abundant than MinD. The switch
model was not considered in this numerical study. It is an extension of the skeleton model
which should be fully understood in the in vivo regime first. However the switch model is
described in more detail in the Outlook-chapter 4.2.3.

1.3. Motivation of this Work

In recent experiments it was noticed that in in vivo dynamics, the wavelength selection of
the patterns is correlated with the amount of MinE in the system[9]. The objective of this
work is to investigate whether higher modes become linearly unstable and dominate the
long-time behavior as particle densities are varied in the system in the in vivo parameter
regime. This will further the understanding of how the skeleton model responds to changes
in MinE/MinD denisity ratios.

The enormous parameter space of the system as well as the lack of experimentally verified
parameters render it difficult for the model to make precise predictions. Any comparison of
the model with experiments is only qualitatively not quantitatively.

In order to find relevant parameters worth simulating the full dynamics, the method
of linear stability analysis (LSA) is applied. LSA makes no assertions about the pattern.
Rather, it is the study of the time evolution of small perturbations with respect to stationary
homogeneous solutions. Parameter regimes exhibiting growing modes are good candidates
for pattern formation[10]. These sets of parameters are then used to simulate the system. The
simulation of the density profile for the membrane species gives an indication on whether the
resulting patterns can arise by changes in MinE/MinD density ratios.

LSA can predicts the patterns at onset but not for longer times. Non-linearities always
have a crucial impact on the dynamics and in the case of the skeleton model, the non-linear
interactions of the unstable modes dominate the long-time behaviour of the system. The
linear terms predicted by LSA become less significant as the patterns evolves in time.

According to the hypothesis of Halatek and Frey, transitions between turbulence and coher-
ent patterns arbitrary far away from the global equilibrium may be related to commensurable
unstable modes[3]. They showed that that the fastest growing mode qc and the largest unstable
mode qmax are commensurable such that qmax ≥ 2 · qc. The two unstable modes have distinct
yet independent roles in the establishment of global coherence.

As a next step, the skeleton model can be further investigated under different boundary
conditions. This might aid in exploring the role of unstable commensurable modes in pattern
formation away from the global equilibrium. In order to see how changes in particle density
ratios affect wavelength selections in in vivo parameter regimes it would be important to
compare the skeleton model to the amended switch model. This comparison would help to
see if the conformational switches in MinE plays a major role in in vivo cells.

3



2. Background

2.1. Skeleton Model of the Min-system

2.1.1. Localizing the Middle of a Rod-Shaped Cell

There are several proteins involved in the process of cell division. However, in order to
understand how the rod-shaped bacterium E.coli locates the middle of its cell, only two
main proteins are of interest, namely MinD and MinE. Pole-to-pole oscillations by these two
proteins result in a time-averaged concentration minimum in the center of the cell which
localizes the site for cell division exactly in the middle (see Figure 1.1). The pole-to-pole
oscillations of MinD were observed in in vivo experiments[5] as well as in in vitro experiments
[7].

2.1.2. Core Mechanisms

In order to understand how the system exhibits dynamics, a microscopic skeleton model was
proposed[1]. According to this model, there are four main mechanisms responsible for the
oscillations: attachment, detachment, nucleotide exchange and recruitment (see Figure 2.1).
These mechanisms emerge from interactions of the two proteins MinD and MinE at the
membrane.. The MinD protein, exhibits different properties depending on which nucleotide
is bound to it: Cytosolic MinD-ATP has the ability to attach to the membrane; whereas
MinD-ADP cannot bind to the membrane and therefore can solely exist in the cytosol.
MinE can bind to the membrane bound MinD-ATP to form a MinDE-complex. MinE catalyses
the hydrolysis to turn MinD-ATP to MinD-ADP, which can no longer bind to the membrane,
thereby detaching from it. MinE will cycle back in the cytosol, whereas MinD-ADP can
undergo nucleotide exchange in the cytosol to turn back into MinD-ATP, which again has the
ability to bind to the membrane again. As soon as MinD-ATP is bound to the membrane
it recruits more MinD-ATP from the cytosol, which results in the formation of a polar zone.
However, this polar zone is depleted by MinE attaching onto it while at the same time a new
polar zone on the opposite side is starting to develop due to particle redistribution in the
system.

2.1.3. Intracellular Pattern Formation

Intracellular pattern formation is a result of the localized accumulation of proteins on the
membrane. Patterns occur when mass distributions of membrane-bound proteins encounter
biochemical interactions. When mass redistribution and biochemical interactions balance
each other out, the system exhibits lateral instabilities[10].

4



2. Background

Figure 2.1: This is a
schematic representa-
tion of how the core
mechanism behind Min-
oscillations work.
a) MinD-ATP (solid
green) attaches to the
membrane. MinE (pink)
attached to membrane
bound MinD-ATP to
form a MinDE-complex
b) 1. Through hydrolysis
in the MinDE-complex
MinD-ATP turns into
MinD-ADP (light green)
which detaches from the
membrane and MinE
is cycled back into the
cytosol.
2. Through nucleotide ex-
change MinD-ADP turns
back into MinD-ATP.
3. MinD-ATP has the
ability to once more
attach to the membrane
c) Membrane bound
MinD-ATP has the
ability to recruit more
MinD-ATP from the
cytosol to attach onto
the membrane, thereby
forming a polar zone.
d) The polar zone is de-
pleted by MinE attaching
to its edges
e) While one polar zone
is depleted another polar
zone on the opposite
side starts to grow due to
particle conservation of
the system.

5



2. Background

Figure 2.2.: The figure shows a schematic of skeleton model for the Min-system in 2D box
geometry with no-flux boundary conditions. The five components are: cytosolic MinD-ADP
(uDD) and MinD-ATP (uDT), membrane bound MinD-ATP (ud) and MinDE-complexes (ude),
and cytosolic MinE (uE). All rates and densities are listed in the glossary.

For dynamical patterns, like in the Min-system, patterns emerges from direct transport.
Due to direct transport the formation of spatially separated attachment and detachment zones
are established. These zones are coupled though cytosolic gradients in the bulk that facilitate
mass redistribution through diffusion.

2.1.4. Mass Conserving Reaction-Diffusion Equations of the Min-System

The interplay of the core mechanisms (2.1.2) of the skeleton model lead to spatio-temporal
dynamics i.e. pattern form due to the redistribution of membrane bound proteins.

Dynamics based on conformational switching conserve the number of proteins. Therefore
mass conserving reaction-diffusion systems are the appropriate framework for this work.
Additionally, in biological systems, particle numbers are constant on the time scale of the
pattern. (reff?)

Next, lets look at the equations that describe the system according to Fig.2.2 in a simplified
2D Box geometry.

Diffusion and nucleotide exchange can occur everywhere in the 2D cytosol, while all other
reactions can only take place on the membrane surface at z = 0. The set of differential
equations reads:

For the bulk:

6



2. Background

∂tuDD = Dc∇2uDD − λuDD (2.1)

∂tuDT = Dc∇2uDT + λuDD (2.2)

∂tuE = Dc∇2uE (2.3)

For the membrane:

∂tud = Dm∇2ud + kDuDT + kdDuduDT − kdEuEud︸ ︷︷ ︸
fd

(2.4)

∂tude = Dm∇2ude + kdeuEud − kdeude︸ ︷︷ ︸
fde

(2.5)

Note that the symbols for the equations are listed in the glossary. For dynamics to emerge,
two conditions have to be fulfilled, namely kdE > kdD and number if MinE < MinD[1].

These equations are complemented by a set of boundary conditions at the membrane and
on the sides and top of the box.

The boundary conditions are of great significance since they are responsible for coupling
the dynamics of the bulk with the membrane. They account for the exchange of proteins
between the cytosol and the membrane.

In mass conserving reaction diffusion systems, the boundary conditions do not allow
for particles to leave or enter the domain. Mathematically this implies no-flux boundary
conditions as well as constant total particle number in the system. With no particles being
created or annihilated, there are only transitions between different states. This results in
the reaction terms of the membrane Eq.2.4-2.5 being equal to the reactive or flux boundary
conditions on the membrane Eq.2.6-2.8 but with opposite signs.

At the membrane, the requirement is that the flux onto the membrane must be equal to the
reaction terms that generate that very same flux. This requires reactive boundary conditions:

Dc∇uDT |z=0 = −uDT(kD + kdDud) (2.6)

Dc∇uDD |z=0 = kdeude (2.7)

Dc∇uE |z=0 = kdeude − kdEuEud (2.8)

At the top and the sides of the box, there is no flux. This results in the following no-flux

7



2. Background

boundary conditions:

Dc∇uDT |z=h = 0 (2.9)

Dc∇uDD |z=h = 0 (2.10)

Dc∇uE |z=h = 0 (2.11)

Non-linearities only occur on the membrane (Eq.2.4 - 2.5 and Eq.2.6-2.8) but not in the bulk
as proteins do not interact in the cytosol.

Mass conservation means that the total number of MinE (NE) and MinD (ND) must be
constant for all times. The total particle number NE and ND are obtained by integrating over
all particle densities living in the entire cytosolic volume

∫
Ω dc and on the whole membrane

surface
∫

δΩ dm.

ND =
∫

Ω
dc(uDD + uDT) +

∫
δΩ

dm(ud + ude) =
∫

Ω
dc minD

NE =
∫

Ω
dc uE +

∫
δΩ

dm ude =
∫

Ω
dc minE

(2.12)

Model definitions like these, which are independent of the coordinate system, are very
useful as changing system geometry does not affect spatial densities of minE and minD.
This very model can be used for different geometries without having to account for mass
conservation separately.

2.1.5. System Geometry

Geometry is an important factor for pattern formation. Experiments found that a range of
patterns can form in the same system geometries[11]. The conclusion is that intracellular
Min-protein patterns are multi-stable and can form a variety of intrinsic length scales. The
dependence of pattern formation and cell geometry is linked to the flux coupling between at-
tachment and detachment zones[4]. This suggest that cell geometry is closely tied to the length
scale of the lateral transport and the strength of the coupling between attachment/detachment
zones[4].

However, to answer the question if higher modes become linearly unstable as particle
densities are varied, and the consequent effects on the long-time behavior of the system,
geometry does not play a major role. Therefore, this work will focus on a first order
approximation via a 2D box geometry. Conveniently this geometry simplifies LSA by making
it much easier to find the eigenfunctions of the linearized system.

8



2. Background

2.2. Linear Stability Analysis (LSA) and Simulation

2.2.1. Purpose of LSA

Solutions of the reaction-diffusion equations (see Eq.2.1-2.5) are the patterns. However,
nonlinear systems are hard to solve analytically. Only numerical solutions are feasible, but
due to the large parameter space it is computationally very expensive to randomly simulate
the system and look for solutions i.e. the formation of patterns.

The idea behind LSA is to find the stationary homogeneous solutions in the parameter
space and study the time evolution of small perturbations with respect to these stationary
starting states. Fixed points with growing modes are good candidates to turn into a pattern.

Lets have a look at the procedure for an arbitrary system. The reaction-diffusion equation
are complemented by reactive boundary condition on the membrane. In the box geometry
the normal vector is in the z-direction:

∂tui = D∇2
zui + fi(u) (2.13)

D∇zui z=0 = fi(u) (2.14)

with i ∈ [de, d, DD, DT, E].

The particle density vector is given by u =


ude
ud

uDD

uDT

uE

.Note that ude and ud live on the

membrane and uDD, uDT and uE in the cytosol.

Generic non-linear functions are given by f =


fde
fd

fDD

fDT

fE

. These functions take the density

vector u as input.

1. Homogeneous Solutions

These homogeneous steady state solutions are found if the system is uniform (∇2
zui = 0)

and in equilibrium (∂tui = 0) thus Eq.2.13 reads:

fi(u∗) = 0 (2.15)

9



2. Background

The fixed points u∗ =


u∗de
u∗d

u∗DD
u∗DT
uE∗

 are by definition space and time independent. Homoge-

neous steady state solutions need to satisfy global mass conservation (see Eq.2.12).

ND = u∗DD + u∗DT +
u∗d + u∗de

h

NE =
u∗E + u∗de

h

(2.16)

As a consequence, the infinite dimensional solution space is reduced to a five dimen-
sional solutions space spanned by u∗.

2. Linearization of the System
fi(u) from Eq.2.13 and Eq.2.14 are both linearized by Taylor expanding around the fixed
point u∗ to the first order.

fi(u) ≈

fi(u∗)=0︷ ︸︸ ︷
fi(u) u=u∗ +

J︷ ︸︸ ︷
∂u fi(u) u=u∗ · δ(u) + h.o.

≈ J
u=u∗

· δ(u)

(2.17)

With Eq.2.17 in mind, Eq.2.13 and Eq.2.14 can be rewritten as a linear system:

Dm∇2
zui + J

u=u∗
· δu− ∂tui = 0

Dc∇zui z=0 − J
u=u∗

· δu = 0

L · δu = 0 (2.18)

3. Perturbing the Fixed Point
A small perturbation δu is added to the fixed points u∗

u = u∗(z)︸ ︷︷ ︸
time and space
independent
fixed points

+ δu(x, z, t)︸ ︷︷ ︸
time and space

dependent
perturbation

(2.19)

The dynamics of perturbation δu can be expanded into Fourier modes via separation of
variables. In order to use the method of separation of variables we must be working with
linear homogeneous partial differential equations with linear homogeneous boundary
conditions. The advantage of the solution via a separation ansatz is that it reduces the

10



2. Background

partial differential equation down to ordinary differential equations which are usually
easier to solve.

δu(x, z, t) = ∑
q

δũqeσqtcos(qx)ζ(z, q) (2.20)

The bulk functions ζ(z, q) can be obtained analytically and the Fourier coefficient δũq

are dependent on the wave number q.

Putting Eq.2.20 into Eq.2.19, the perturbed fixed points are then inserted into the
linearized system Eq.2.

Note that the time and space independence of u∗ reduces the linear system to

D∇2
z δũq + J

u=u∗
· δũq − ∂tδũq = 0

D∇zδũq
z=0 − J

u=u∗
· δũq = 0

Lq · δũq = 0 (2.21)

4. Solving the Eigenvalue Problem of Lq

To solve the eigenvalue problem, the characteristic equation of det(Lq − α1) = 0 has to
be solved. Since this matrix is non algebraic, solutions can only be calculated numerically.
Solving the eigenvalue problem of the linear system yields a dependence of σ(q) called
the Dispersion Relation.

The dispersion relation is a relation between growth rate σ and wave number q. The
maximum of the growth rate σ(qmax) can be extracted from solving the characteristic
equation from above. Since the perturbation grows exponentially, the largest eigenvalue
dominates over all other modes. The aim of this work is to find a change in the largest
integer modes that fit into the box geometry. Only considering integer modes, the
dispersion relation σ(q) can be rewritten in terms of the mode number n with n ∈N∗.
The dispersion relation can be rewritten to only take integer modes into considerations
such that σ(n) with

q =
2π · n

L
→ n =

q · L
2π

(2.22)

a) A stable fixed point will relax back to its original state if it is perturbed i.e. Re[σ(n =

0)] = 0.

b) A fixed point is said to be unstable if at least one eigenvalue Re[σ(n)] > 0.
In this case the perturbation will grow in the direction of the eigenvector corre-
sponding to the positive eigenvalue.

11



2. Background

2.2.2. Simulation and Parameters

LSA is very useful in finding starting points in this large parameter regime which are likely
to turn into patterns. However, LSA only provides candidate parameter configurations but
in order to make sure these instabilities lead to a pattern, a numerical simulation has to be
performed.

The reaction-diffusion equations for the Min-system are highly nonlinear, therefore the
choice of parameters for LSA and the simulation is crucial. The diffusion coefficients Dc

and Dm as well as the lower bound of the nucleotide exchange rate λ were experimentally
determined[6][12]. The kinetic rate constants were adjusted and modulated to obtain spatial
patterns in simulations.

The set of in vivo parameters for this work were provided by Laeschkir Würthner[9].
Test-parameters Symbol Value

Cytosolic Diffusion Constant Dc 60 µm2s−1

Membrane Diffusion Constant Dm 0.013 µm2s−1

MinD-ATP attachment rate kD 0.065 µms−1

MinD-ATP recruitment rate kdD 0.025 µm3s−1

MinE recruitment rate kdE 0.126 µm3s−1

MinDE-complex detachment rate kde 0.34 s−1

Nucleotide exchange rate λ 6 s−1

Length of mayor axis L 10 µm
Height of cytosol (Box model) h 5 µm

Table 2.1.: Table of Test-parameters used in LSA and simulation
The LSA for the skeleton model of the Min-system in a 2D Box was implemented in Python

using SymPy[13], NumPy[14] and Matplotlib[15] libraries. The corresponding simulations were
implemented in Comsol software version 5.4[16].

12



3. Results

3.1. Phase Space

To investigate how the skeleton model behaves under changes of MinE/MinD denisity ratios,
lets look at the 2D phase space spanned by the two conserved global mass densities of minE
and minD. The essential assumption is that the distribution of proteins is homogeneous. This
means that all membrane and bulk species as well as the global mass densities are constant in
space and are therefore independent of the geometry. Taking the 2D box geometry of Fig2.2
into account where

∫
Ω dc = L · h and

∫
δΩ dm = L, the global mass densities are related to the

total number of MinD and MinE as such:

ND =
∫

Ω
dc minD = minD · L · h

NE =
∫

Ω
dc minE = minE · L · h

(3.1)

In the same way Eq.2.12 can be rewritten:

ND = L · h(ũDD + ũDT) + L(ũd + ũde)

NE = L · h · ũE + L · ũde
(3.2)

From Eq.3.1 and Eq.3.3 the global mass densities are defined as:

minD = ũDD + ũDT +
ũd + ũde

h

minE = ũE +
ũde

h

(3.3)

where the membrane species ude and ud can be re-scaled by the bulk height h. Due to
the homogeneous distribution, the global densities and total number of MinD and MinE
are directly proportional (see Eq.3.1). Scaling the global densities directly translates to
proportional scaling of the total number of particles.

3.2. The Bistable Regime

3.2.1. Control Parameters Σ and ∆

In order to investigate how changes of MinE/MinD denisity ratios influence pattern formation
in the mass conserving reaction diffusion system of the skeleton model, two control parameters
Σ and ∆ are introduced. Control parameters are the local values of globally conserved

13
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quantities (global mass densities from Eq.3.3). The control parameters capture higher order
properties of the system.

1. Spatio-temporal dynamics of the Min-oscillations result from lateral instabilities caused
by the accumulation/depletion of attachment/detachment zones on the membrane.
Accumulation is a result of recruitment due to an abundance of MinD and detachment
occurs when there is more MinE than MinD. The denisity ratios of MinE to MinD are
therefore chosen as control parameters to describe this dynamic.

∆ =
minE
minD

(3.4)

2. The second control variable is a measure for the relative change of the joint global mass
densities of both MinE and MinD.

Σ =
minE + minD

2
(3.5)

The global mass densities from Eq.3.3 can be expressed in terms of the control parameters
(see Fig.3.1):

minE =
2∆Σ

1 + ∆
and minD =

2Σ
1 + ∆

(3.6)

Figure 3.1.: The control space is spanned by conserved mass densities minD and minE. The
sum of the two global mass densities is kept fixed if Σ is fixed. Varying ∆ over constant values
between 0 and 1 sweeps the control space for bistable regimes.

3.2.2. Pattern Formation and Bistabiliy

For the theoretical study on pattern-forming systems the geometric analysis of the phase-space
structure of mass-conserving reaction–diffusion systems is crucial. The generic bifurcation

14
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scenario underlying any pattern-forming two-component mass conserving reaction diffusion
system is a cusp bifurcation[10]. In other words, patterns form at the transition point between
one-fixed-point regimes and three-fixed-point regimes for particular values of global densities.

To get an intuition for the connection between pattern formation and a cusp bifurcation, lets
look at the membrane bound proteins ude and ud that make up the spatio-temporal patterns.
First, Σ is fixed to be constant. Second, ∆ is varied from 0 to 1. Plotting the fixed point for
each combination of ude + ud and ∆ results in a typical S-shaped reactive nullcline (line of
chemical equilibria) as seen in Fig.3.2. The grey line segments representing stable fixed points
and the blue segment represent unstable fixed points. In control space, the bistable regime
describes the system exhibiting three fixed points: two stable and one unstable, for each
combination of the control parameters.

Control Space

Stable 
Fixed Points

Cusp

Bistable 
Regime

Unstable 
Fixed Points

ud + ude

Δ 

Σ 

Figure 3.2.: S-shaped reactive nullcline results from plotting the fixed points of the reactive
membrane species against different values of ∆ . Grey line segment: stable fixed points;
Blue line segment: unstable fixed points. In control space (brown), the bistable regime (blue)
represents the system exhibiting three fixed points, two stable one unstable.

By changing Σ, one can imagine vertically slicing through the plane of equilibrium fixed
points in search for a bistable regime promising parameter sets that turn into patterns.
Unstable fixed points in the blue region can turn into patterns if they are homogeneously
perturbed. The so called cusp can be seen in control space when the one-fixed-point regime
turns into a three-fixed-point regime.
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3.2.3. Cone

Switching back to the reduced phase space spanned by the densities minE and minD, this
very same structure looks like a cone (see Fig.3.4). Its shape is highly dependent on the
system parameters. For example, the value of kdE has an influence on the width of the
cone. Increasing the MinE detachment rate kdE means the system becomes more stable
which is reflected in the number of bistable fixed points that make up the cone. Other
system parameters also influence the shape by making the system more or less susceptible to
perturbations e.g. global densities and the length of the system.

The skeleton model only allows Turing instabilities when the ratio of minE/minD < 1,
which means that the cone can only be found in the bottom of the diagonal in the reduced
phase space (see Fig.3.1).

For a set of particular parameters (table 2.1) there is a different number of fixed points per
combination.

The system has one stable fixed point everywhere, however, the space can be divided into
three distinct regions of interest:

1. Blue points
For specific denisity ratios of minE/minD there is a region where the system has 3
stationary homogeneous solutions. In the three-fixed-point regime there are two fixed
points which are stable against homogeneous perturbations, whereas the third fixed
point is unstable, analogously to the two grey line segments and the one blue line
segment that make up the bistable regime in Fig.3.2. One of the stable fixed points is
Turing unstable. Turing unstable fixed points are spatially homogeneous stationary
solutions. They are asymptotically stable to spatially homogeneous perturbations but
unstable to spatially heterogeneous perturbations. This means that heterogeneous
perturbations lead to growing spatial instabilities which are likely to turn into patterns.

2. Orange points
Below the bistable regime (blue cone) there is an adjacent smaller orange cone. This
area represents a collection of stable fixed which are Turing unstable.

3. White area
All fixed points outside the cone are stable fixed points.

Of interest are Turing unstable fixed points that are defined by lateral instabilities with
locally stable steady states. In the dispersion relation, nc indicates the fastest growing integer
mode and nmax the largest integer mode with the shortest wavelength that can fit into the
geometry (see Fig.3.4). To check how the change in minE/minD ratio affect patterns, lets
look at the maximum modes arising from varying minE/minD rations while maintaining
conserved global mass densities. The goal is to find a set of parameter where the fasted
growing integer mode denoted by nc increases solely by changing the minE/minD rations i.e.
keeping Σ constant and varying ∆.

One candidate parameter set for such a increase of nc is found at:
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m
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E

(b)   Stable 
        Fixed Point

(c)   Instable 
        Fixed Point

(a)   Stable 
        Fixed Point
        (Turing
        Instable)

(a)   Stable 
        Fixed Point
        (Turing
        Instable)

B

A

nc

nc

nc

nc

C

Figure 3.3.: A The bistable regime in control space has a cone-like structure. Each point
in the blue region represents three fixed points; an unstable fixed point and two stable
fixed points where one of them in Turing unstable. The orange area represents a region of
Turing unstable fixed points. B Sample dispersion relation for the regime of minE/minD =

600/1400. This regime has three fixed points. (a) Turing unstable fixed points with nc = 2,
presumably leading to striped patterns in a simulation. (b) Stable fixed point; eigenvalues
Re[σ(n = 0)] = 0 imply that any perturbation just relaxes bacn to the the stable fixed point.
(c) Unstable fixed point; high Re[σ(n)] mean a small perturbation is likely to push this
fixed point into the stable or Turing unstable regime. C Sample dispersion relation for the
regime of minE/minD = 400/1400. This regime has one Turing unstable fixed point with a
relatively small eigenvalue Re[σ(n)] > 0. A pattern takes longer to form compared to larger
eigenvalues.
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Σ = 1900

∆ =
500

1400
→ 700

1200

(3.7)

minD

m
in

E

Σ = 1900

A

Δ =                     
500

1400

Δ =                     
700

1200

B

C

m
in

E = m
in

D
nc

nc

nc

nmax             

nc nmax    

Figure 3.4.: A Control space for the special case where the maximum integer mode in the
dispersion relation defined by nc = 2→ nc = 1 by solely by changing minE/minD denisity
ratios. Σ = 1900 and ∆ = 700/1200→ ∆ = 500/1400 B Dispersion relation where the larges
eigenvalue Re[σ(n)] is at kc = 2 C Dispersion relation where the larges eigenvalue Re[σ(n)]
is at kc = 1

Since the dispersion relation obtained by LSA makes no assertions about the pattern
formation, these parameter sets are simulated in Comsol software version 5.4.

3.3. Simulation

3.3.1. No-flux Boundary Conditions at L = 10

Simulating the parameters from table2.1 the total density of reactive membrane species
ud + ude is plotted against the system length L over a time interval t with no-flux boundary
conditions on top and on the sides of the box (see. Fig.3.5).
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Note that the time for patterns to form is related to the eigenvalues σ(n) such that it takes
longer for small eigenvalues to develop into patterns compared to larger values of σ(n).

For nc = 1 the pattern exhibits the classic pole-to-pole oscillations that occur if the length
of the geometry is equal to wavelength of the mode.

For nc = 2 the system briefly exhibits striped patterns, however they look very asymmetrical.
Striped patterns occur when the length of the geometry is equal to twice the wavelength of the
dominating mode. This results in higher modes becoming linearly unstable due to changes in
particle density ratios. Interestingly, for longer times, there appears to be a transition from the
asymmetric oscillations at onset to stable mode-1 oscillations. The origin of this observations
are not clear.

3.3.2. No-flux Boundary conditions for L > 10

By slightly increasing the system length from L = 10 → L = 10.1 the mode-2 oscillations
predicted by LSA are visible more clearly in the simulation of the membrane species along the
major axis (see Fig.3.6 A). However, the striped pattern also looks asymmetrical and indeed
cannot sustain itself. The asymmetry in the patter oscillation evolves over time and turns into
what could be describes as turbulence before transitioning into pole-to-pole oscillations. The
origin of the turbulence, for example by distinguishing between mode coupling or random
chaos, could not be determined in work.

To check how robust the system is to changes in length, the major axis was further increased
to L = 15 (see Fig.3.6 B). At the onset the system exhibits relativity stable striped patterns.
The higher modes become linearly unstable due to changes in particle density ratios at onset
but no not dominate the long time behaviour. Astonishingly, the skeleton model adapts
well to the change and once more transitions from striped patterns into stable pole-to-pole
oscillations.
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Figure 3.5.: Simulation of the membrane species ude + ud (green) along major axis over time
for nc = 1 and nc = 2 A Simulating the fixed point with the largest eigenvalue at nc = 1,
the system exhibits pole-to-pole oscillations B Simulating the fixed point with the largest
eigenvalue at nc = 2, the system exhibits very asymmetrical striped patterns before stabilizing
into pole-to-pole oscillations over longer times.
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Figure 3.6.: Simulation of the membrane species ude + ud (green) along major axis over time
for nc = 2 at L = 10.1 and L = 15 A Simulating the fixed point with the largest eigenvalue
at nc = 2 at a slightly longer system length. (a) the system exhibits slightly asymmetrical
striped pattern at the onset (b) the system becomes turbulent for longer times (a) for even
longer times the system re-establishes pole-to-pole oscillations B Simulating the system at
L = 15 (a) at onset striped patterns form (b) for longer times the system becomes unstable
and turbulent (c) for even longer times the system re-establishes pole-to-pole oscillations
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4.1. Discussion

The central finding of this work is that the skeleton model robustly produces pole-to-pole
oscillation in the in vivo parameter regime under changes in particle denisity ratios. Higher
modes become linearly unstable as particle densities are varied, but they do not dominate the
long-time behavior of the system.

The membrane species along the major axis were simulated with a particular ratio of
particle densities that allow higher modes in the system to become linearly unstable. LSA
correctly predicts higher mode patterns at the onset, but it is not suitable to make assertions
about the long term behaviour of Min-oscillations as illustrated by Fig.3.5 and Fig.3.6.

The simulation revealed that the system exhibits turbulent behaviour at some point, but
over time transitions into pole-to-pole oscillations. Whether the turbulence are an overlay
of several modes or random chaos could not be determined as origin of this observations
are not clear. The finding that the system transitions from turbulence to stable pole-to-pole
oscillations speaks for the robustness of the skeleton model. The purpose of locating the
middle of the system is sustained through changes in system length and changes to particle
denisity ratios.

The observation that spatially coherent pole-to-pole oscillations are re-established far from
the onset might be explained through combined interplay between mutually commensurable,
unstable modes in control space[3]. According to the theoretical approach by Halatek at al. to
characterize dynamical states arbitrarily far from (global) equilibrium, the transition from
turbulence to spatially coherent patterns occurs when the fastest growing mode qc becomes
commensurable with the last unstable mode qmax. His numerical approach showed that when
qmax ≥ 2 · qc chemical turbulence turn into spatially coherent standing wave patterns. In
this work, the largest unstable mode and the fastest growing mode defined by their integer
mode number and are related as nmax = 3 · nc (see Fig.3.4 B where nc = 2; nmax = 6) which
falls in line with their work. However, the foundations of these observations are only being
hypothesized about but not fully understood.

The system length was increased and the simulation showed that the higher modes
predicted by LSA become more favorable at onset. However, their asymmetry also results in
turbulence which, after some time, re-organizes into stable pole-to-pole oscillations.

An explanation for this observation might be that due to a longer system length, it takes
longer for the mass redistribution to hit some critical point that no longer supports higher
mode oscillations. Since the sides of the box are no-flux boundaries, the proteins pushed to
either side might be stuck and cannot redistribute in time to form a stable pattern.

Changing the boundaries of the sides of the box to be periodic might give some insight into
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whether this explanation holds. However it would be important to investigate whether the
behaviour is simply an artifact due to the boundary conditions or involves real physics. In
case periodic boundaries lead to stable patterns, mass redistribution seems to be a heuristic
explanation for why patterns become unstable within no-flux boundaries as the mass pushed
to the edges of the system re-enters on the opposite side.

4.2. Outlook

4.2.1. Periodic Boundary Conditions

It would be interesting to further investigate the behaviour of the system of the boundary
conditions are changed from no-flux n = qL/2π to periodic n = qL/π . Maybe with periodic
boundaries, the particles pushed to the edge of the box and appear on the right side, reduce
the accumulated mass on one side and stabilizing the pattern by redistributing them to the
opposite side.

4.2.2. Commensurability Condition

Thoroughly checking the commensurability for a wider range of modes might also give
insight into whether this condition always holds.

4.2.3. Switch Model

The robustness of Min-oscillations to changes in MinE/MinD density ratios observed in in
vitro[6][7] cannot be reproduced by the skeleton model. It only produces patterns when the
ratio of MinE/MinD < 1. Due to experimental findings[8] Denk[2] proposed an amendment to
the switch model by introducing a conformational switch in MinE which allows the model
to produce patterns for MinE/MinD > 1. In the cytosol, MinE undergoes conformational
changes . It can switch between a reactive state and a latent state at a rate of µ. The reactive
state can attach to membrane-bound MinD at a rate kdE,r and the latent state with a lower
rate of kdE,l (see Fig.4.1).

The conformational switches of MinE and MinD are interlinked (see Fig.4.2).The switch
between latent and reactive MinE is influenced by nearby MinD. Active MinD-ATP triggers
the switch from latent MinE to reactive MinE. Similarly, inactive MinD-ADP is affected by the
presence of reactive MinE. It triggers MinD ATP activity.

The switch model is equivalent to the skeleton model if

• µ→ 0 and kdE,l → 0 or

• kdE,l = kdE,r

Investigating if there is a similar bistable regime in the switch model, I would assume this
cone is no longer restricted to the bottom half of the diagonal because the switch model also
allows for ratio of MinE/MinD > 1.

23



4. Discussion and Outlook

����
���

��������

�������

����
���

���

��������

����


uDT uDD ur
E

ud ude

kdD
kD

�
kde

kr
dE


	���������
�������

����	������

����������

����������

kl
dE

ul
E

���

������

���

�


������
����	������

����
����	������

z

x

Figure 4.1.: The figure shows a schematic of the switch model for the Min-system in 2D
box geometry with no-flux boundary conditions. The accumulation due to attachment and
recruitment encounters lateral instabilities as a result of detachment, diffusion and nucleotide
exchange and the switch in MinE. This interplay results in spatio-temporal dynamics. All
rates and densities are listed in the glossary.
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Figure 4.2: Schematic of
how conformational switch
of MinD and MinE are
interlinked. Reactive MinE
has an influence on the ATP
activity of MinD. At the
same time active MinD-ATP
triggers more conforma-
tional changes from latent
MinE to reactive MinE
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It would be very interesting to see how the switch model behaves under changes in
MinE/MinD density ratios similar to the study of this work.

If the switch model behaves as the skeleton model, this would be evidence that the
conformational switch in MinE does not play a mayor role in in vivo cells as the reduced
skeleton model can sufficiently adapt to changes in particle density ratios.
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A. Appendix

A.1. LSA of Skeleton Model in a 2D Box Geometry

The 2D box geometry is used as a simplified approximation. Diffusion and nucleotide ex-
change can occur everywhere in the 2D cytosol, while all other reactions can only take place
at the membrane surface at z=0. The differential equations reads:

For the bulk:

∂tuDD = Dc∇2uDD − λuDD (A.1)

∂tuDT = Dc∇2uDT + λuDD (A.2)

∂tuE = Dc∇2uE (A.3)

And for the membrane:

∂tud = Dm∇2ud + kDuDT + kdDuduDT − kdEuEud (A.4)

∂tude = Dm∇2ude + kdeuEud − kdeude (A.5)

These equations are complemented by a set of boundary conditions coupling the membrane
dynamics to the cytosol.

At the membrane, the requirement is that the flux onto and off the membrane must be
equal to the reaction terms that generate that very same flux.

Reactive boundary conditions:

Dc∇uDT |z=0 = −uDT(kDkdDud) (A.6)

Dc∇uDD |z=0 = kdeude (A.7)

Dc∇uE |z=0 = kdeude − kdEuEud (A.8)
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no-flux boundary conditions at top and sides of the box:

Dc∇uDT |z=h = 0 (A.9)

Dc∇uDD |z=h = 0 (A.10)

Dc∇uE |z=h = 0 (A.11)

A.1.1. Fixed Points

The stationary homogeneous solutions ũi are found according to the procedure describes in
section 2.2.1.

All equation Eq. A.1 are solved in the same manner. Lets look at uDD in detail.
First solve:

DD∇2ũDD − λũDD = 0 (A.12)

Using the method of separation of variables, for ũDD:

ũDD = X(x)Z(z)T(t) (A.13)

And plugging Eq.A.13 into Eq. A.12 yields:

DD∂2
z [X(x)Z(z)T(t)] = λX(x)Z(z)T(t) (A.14)

X(x)T(t) · DD∂2
zZ(z) = X(x)T(t) · λZ(z) (A.15)

DD∂2
zZ(z) = λZ(z) (A.16)

This is an easily solvable differential equation:

Z(z) = Ae
√

λ/DDz + Be−
√

λ/DDz (A.17)

To determine the constants A and B, lets first exploit the boundary condition at the top,
where canonically z = h. Employing the substitution z̃ = h− z, one is able to apply Eq. A.10
in the following form:

[DD∂z̃ Ae
√

λ/DD z̃ + Be−
√

λ/DD z̃] |z̃=0 = 0 (A.18)

Leading to:

A = B⇒ ũDD(z) = A cosh(
√

λ/DD(h− z)) (A.19)

Applying the reactive boundary condition, Eq. A.7:

ũDD(0) = A cosh(h
√

λ/DD) = ũ∗DD (A.20)
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Eq. A.20 allows to find A and to rewrite ũDD(z) in its final form:

ũDD(z) = ũ∗DD
cosh(

√
λ/DD(h− z))

cosh(h
√

λ/DD)
(A.21)

With similar arguments and calculus the expressions for the density profiles uDT and uE is
found, namely:

ũDT(z) = ũ∗DT + ũ∗DD(1−
cosh(

√
λ/DD(h− z))

cosh(h
√

λ/DD
) (A.22)

ũE(z) = ũ∗E (A.23)

A.1.2. LSA

Once again, the system is perturbed around the fixed points. The perturbed variable reads:

ui = u∗i + δui (A.24)

For the variables ũDD, ũDT, ũE in the bulk, since the goal is to reproduce those patterns that
live in a 2D plane arising by perturbing a z-dependent set of fixed points, the perturbation
δui needs to be z-dependent too, namely δui(x, z, t). This can be written in the following form
using separation of variables:

δui = T(t)Φ(x)ζ(z) (A.25)

Again with the use of separation of variables the perturbation can be expanded in terms of
Fourier modes. Note that it is just the general form (i.e. time evolution) of the perturbation
that has stayed the same; the behavior (eigenvalues) might actually differ.
So the perturbation in now of the form:

δui = ∑
q

eσtcos(qx)ζ(z, q) (A.26)

As a relevant example, let’s consider once again Eq. A.1. In order to find the function ζ(z, q),
let’s plug in the expression for ũDD given by Eq. A.24, resulting in:

∂tδũDD(x, z, t) = DD∇2δũDD(x, z, t)− λδũDD(x, z, t) (A.27)

And substituting δũDD with Eq. A.26:

∂t(eσtcos(qx)ζDD(z, q)) = DD∇2(eσtcos(qx)ũDD(z, q))− λ(eσtcos(qx)ζDD(z, q)) (A.28)

Where the summation drops because of the orthogonality property of the Fourier modes.
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Performing the derivatives the result is:

∂2
zζDD(z) =

(
σ

DD
+

λ

DD
+ q2

)
ζDD(z) (A.29)

Where:

k2 =
σ

DD
+

λ

DD
+ q2 (A.30)

Eq A.29 is easily solvable using A.26:

ζDD(z) = Aekz + Be−kz (A.31)

Let’s employ once again the substitution z̃ = h− z and apply the reflective boundary condition
to uDD Eq. A.10 at the top of the box, that is now valid for z̃ = 0 (z = h). Mind that the flux
is calculated along the orthogonal direction of the physical boundary of our system, i.e. the
z̃-axis.

∇z̃(ũDD∗(z̃) + δũDD(x, z̃, t)) |z̃=0 = 0 (A.32)

From which it is obtained that:

A = B (A.33)

Hence it can be written as:

ζDD(z′) = A cosh (kz′)⇒ ζDD(z) = A cosh k(h− z) (A.34)

Lets now consider:

ζDD(0) = A cosh (kh) := δ ˜̃uDD (A.35)

Hence:

A =
δ ˜̃uDD

cosh (kh)
(A.36)

So the amplitude ζDD(z) reads:

ζDD(z) =
δ ˜̃uDD cosh (k(h− z))

cosh (kh)
(A.37)

This results in a complete expression for δũDD. We proceed the same way with the other two
equations and obtain:

ζDT(z) = (δ ˜̃uDD + δ ˜̃uDT)
cosh (k1(h− z))

cosh (k1h)
− δ ˜̃uDD cosh (k(h− z))

cosh (kh)
(A.38)
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ζE(z) =
δ ˜̃uE cosh (k1(h− z))

cosh (k1h)
(A.39)

With:

k2
1 =

σ

DD
+ q2 (A.40)

The perturber fixed points are inserted into the linearized system Eq.3
Hence the linear system reads Lq · δũi

q = 0. In the entry Lij the i-th reactive term fi is
derived with respect to the j-th density function uj. (With i, j = DD, DT, E, d, de)

The eigenvalue problem for this linear system can only be solved numerically.
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A.2. Switch Model

The reaction-diffusion equations for the switch are:

For the bulk:

∂tuDD = Dc∇2uDD − λuDD (A.42)

∂tuDT = Dc∇2uDT + λuDD (A.43)

∂tuE,r = Dc∇2uE,r − µuE,r (A.44)

∂tuE,l = Dc∇2uE,l + µuE,l (A.45)

And for the membrane:

∂tud = Dm∇2ud + kDuDT + kdDuduDT − (kdE,luE,l + kdE,ruE,r)ud (A.46)

∂tude = Dm∇2ude + ud(kdE,luE,l + kdE,ruE,r)− kdeude (A.47)

These equations are complemented by a set of boundary conditions coupling the membrane
dynamics to the cytosol.

At the membrane, the requirement is that the flux onto and off the membrane must be
equal to the reaction terms that generate that very same flux.

Reactive boundary conditions:

Dc∇uDT |z=0 = −uDT(kDkdDud) (A.48)

Dc∇uDD |z=0 = kdeude (A.49)

Dc∇uE,r |z=0 = kdeude − kdE,ruE,rud (A.50)

Dc∇uE,l |z=0 = −kdE,luE,lud (A.51)
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no-flux boundary conditions at top and sides of the box:

Dc∇uDT |z=h = 0 (A.52)

Dc∇uDD |z=h = 0 (A.53)

Dc∇uE,r |z=h = 0 (A.54)

Dc∇uE,l |z=h = 0 (A.55)

Same as in the skeleton model mass conservation applies so

ND =
∫

Ω
dc(ũDD + ũDT) +

∫
δΩ

dm(ũd + ũde)

NE =
∫

Ω
dc(ũE,r + ũE,l) +

∫
δΩ

dmũde

(A.56)

The procedure for LSA is exactly the same for the switch model as for the skeleton model.
The linear system reads:
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Glossary

Dc : Diffusion coefficient of MinE and MinD in the cytosol (experimentally determined).. 12

Dm : Diffusion coefficient of MinE and MinD on membrane (experimentally determined).. 12

kD : Attachment rate with which cytosolic MinD-ATP bind to the membrane (not experimen-
tally determined).. 12

kdD : Recruitment rate with which membrane bound MinD-ATP recruits more MinD-ATP
from the cytosol to bind to the membrane and form a polar zone (not experimentally
determined).. 12

kdE : Rate with which cytosolic MinE binds to membrane bound MinD-ATP to form a
MinDE-complex (not experimentally determined).. 12

kde : Detachment rate with which MinD-ADP and MinE cycle back into the cytosol (not
experimentally determined).. 12

kdE,l : Rate with which cytosolic latent MinE binds to membrane bound MinD-ATP to form a
MinDE-complex (not experimentally determined).. 23

kdE,r : Rate with which cytosolic reactive MinE binds to membrane bound MinD-ATP to form
a MinDE-complex (not experimentally determined).. 23

λ : Nucleotide exchange rate with which MinD-ADP turn into MinD-ATP (lower bound
experimentally determined).. 12

µ : rate with which latent and reactive MinE switch conformational states. 23

ud : Concentration of membrane bound MinD-ATP. 7

uDD : Concentration of MinD-ADP in the cytosol.. 7

ude : Concentration of membrane bound MinDE-complex.. 7

uDT : Concentration of MinD-ATP in the cytosol.. 7

uE : Concentration of MinE in the cytosol.. 7

uE,l : Concentration of latent MinE in the cytosol.. 32

uE,r : Concentration of reactive MinE in the cytosol.. 32
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